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Abstract. In this paper we introduce the notion of gradient Einstein solitons as self-similar 
solutions of the gradient flow associated to the Einstein-Hilbert action. After proving the 
rectifiability of /, we use it to investigate the geometric properties of the solitons. In particular, 
we show that there is only one complete three-dimensional gradient steady Einstein soliton 
with positive sectional curvature. This solution is rotationally symmetric and asymptotically 
cylindrical. Hence, it represents the analogue of the Hamilton's cigar in dimension three. 
We also consider the class of gradient solitons associated to the flows dtg = —2{Ric — pR g), 
for any constant p / 0. In particular, for p = l/2(n — 1), we classify all complete three- 
dimensional gradient Schouten solitons in the steady case as well as in the shrinking case. 
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1. Introduction and statement of the results 

One of the most significant functional in Riemannian geometry is the Einstein-Hilbert 
action 



g ^ £{g) = [ RdV, 

J M 



9 ' 

where M", n > 3, is a n-dimensional compact differentiable manifold, 5 is a Riemannian 
metric on M" and R is its scalar curvature. It is well known that critical points of this func- 
tional on the space of metrics with fixed volume are Einstein metrics (see [1 , Chapter 4]). In 
principle, it would be natural to use the associated (unnormalized) gradient flow 

dtg = -2{Ric-\Rg) (1.1) 

to search for critical metrics. On the other hand, it turns out that such a flow is not parabolic. 
Hence, a general existence theory, even for short times, is not guaranteed by the present 
literature. This was one of the main reasons which led Hamilton to introduce the Ricci flow 
dtg = —2Ric in [18J. The Ricci flow has been studied intensively in recent years and plays 
a key role in Perelman's proof of the Poincare conjecture (see Il26ll , [271 arid [28]). For an 
introduction to Ricci flow, we refer the reader to |(T5|. 

An important aspect in the treatment of the Ricci flow is the study of Ricci solitons, which 
generate self-similar solutions to the flow and often arise as singularity models. Gradient 
Ricci solitons are Riemannian manifolds satisfying 

Ric + = Xg, 

for some smooth function / and some constant A € M. For a complete survey on this subject, 
which has been treated by many authors, we refer the interested reader to fS] and [6|. 

Motivated by the notion of Ricci solitons, it is natural to consider special solutions to 
the flow (|1.H) , whose existence can be proved by ad hoc arguments. In particular, in this 
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paper, we introduce the notion of gradient Einstein solitons. These are Riemannian manifolds 
satisfying 

Ric + V'^f = ^Rg + Xg, 

for some smooth function / and some constant A G M. As expected, Einstein solitons as well 
generate self-similar solutions to the Einstein flow 

More in general, it is natural to consider on a Riemannian manifold (M", g), n > 3, geo- 
metric flows of the type 

dtg = -2{Ric-pRg), (1.2) 

for some p G M, p 7^ 0. We call these flows /o-Einstein flows. Associated to them, we have the 
following notion of gradient p-Einstein solitons. 

Definition 1.1. Let {A'F\g), n > 3, be a Riemannian manifold and let p e M., p ^ 0. We say that 
{M"',g) is a gradient p-Einstein soliton if there exists a smooth function f : M" — )• M, such that 
the metric g satisfies the equation 

Ric + V'^f = pRg + Xg, (1.3) 

for some constant A G R. 

We say that the soliton is trivial whenever V/ is parallel. As usual, the p-Einstein soliton 
is steady for A = 0, shrinking for A > and expanding for A < 0. The function / is called a 
p-Einstein potential of the gradient p-Einstein soliton. 

Corresponding to special values of the parameter p, we refer to the p-Einstein solitons 
with different names, according to the Riemannian tensor which rules the flow. Hence, for 
p = 1/2 we will have gradient Einstein soliton, for p = 1/n gradient traceless Ricci soliton and 
for p = l/2(n — 1) gradient Schouten soliton. In the compact case, arguments based on the 
maximum principle yield the following triviality result (listed below as Corollary I3.2|l , for 
solitons corresponding to these special values of p. 

Theorem 1.1. Any compact gradient Einstein, Schouten or traceless Ricci soliton is trivial. 

To deal with the noncompact case, it is useful to introduce the following notion of recti- 
fiability. We say that a smooth function / : — )- M is rectifiable in an open set U C M" 
if and only if |V/|[/| is constant along any regular connected component of the level sets of 
f\ij. In particular, it can be seen that f\^ only depends on the signed distance r to the regular 
connected component of some of its level sets. If U = M", we simply say that / is rectifi- 
able. Consequently, a gradient soliton is called rectifiable if and only if it admits a rectifiable 
potential function. The rectifiability turns out to be one of main property of the p-Einstein 
solitons, as we will show in the following Theorem. 

Theorem 1.2. Any gradient p-Einstein soliton is rectifiable. 

The reason for considering n > 3 in Definition ll . 1 l and thus in Theorem ll.2l is that for n = 2 
equation (11.311 reduces to the gradient Yamabe solitons equation (see IIT6l ). The rectifiability 
of the potential function, in this case, follows easily from the structural equation and it has 
been used to describe the global structure of these solitons (see |10| and 1131 '). 

It is worth noticing that Theorem II .21 fails to be true in the case of gradient Ricci solitons. 
In fact, even though all of the easiest nontrivial examples - such as the Gaussian soliton 
and the round cylinder in the shrinking case, or the Hamilton's cigar and the Bryant soliton 
in the steady case - are rectifiable, it is easy to check, for instance, that the Riemannian 
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product of rectifiable steady gradient Ricci solitons gives rise to a new steady soliton, which 
is generically not rectifiable. 

A well known claim of Perelman f26], concerning gradient steady Ricci solitons, states 
that in dimension n = 3 the Bryant soliton is the only complete noncompact gradient steady 
Ricci soliton with positive sectional curvature. Despite some recent important progresses, it 
remains a big challenge to prove this claim. Here, we notice that the rectifiabilty of the Ricci 
potential would imply the Perelman's claim. In this direction we have the following result. 

Theorem 1.3. Up to homotheties, there exists only one three-dimensional gradient steady p-Einstein 
soliton with p < or p > 1/2 and positive sectional curvature, namely the rotationally symmetric 
one constructed in Theorem 14.31 

Theorem ll.3l gives further evidences of the validity of Perelman's claim and could possibly 
be used to prove stability results for the Bryant soliton in the class of three-dimensional gra- 
dient steady Ricci solitons with positive sectional curvature. For p = 1/2, the only admissible 
three-dimensional gradient steady Einstein soliton with positive sectional curvatures turns 
out to be asymptotically cylindrical with linear volume growth. In other words, this soliton 
is the natural generalization of the two-dimensional Hamilton's cigar and we decided to call 
it Einstein's cigar. An immediate consequence of Theorem II. 31 is the three-dimensional ana- 
logue of the Hamilton's uniqueness result for complete noncompact gradient steady Ricci 
solitons with positive curvature in dimension two (see fT9l). 

Corollary 1.4. Up to homotheties, the only complete three-dimensional gradient steady Einstein 
soliton with positive sectional curvature is the Einstein's cigar. 

Among all the p-Einstein solitons, a class of particular interest is given by gradient Schouten 
solitons, namely Riemannian manifolds satisfying 

Ric + V^f = ^ Rg + \g, 
2{n — 1) 

for some smooth function / and some constant A € M. Exploiting the rectifiability obtained 
in Theorem II. 2[ it is possible to achieve some classification results for this class of metrics. 
In the steady case, we can prove the following triviality result, which holds true in every 
dimension without any curvature assumption. 

Theorem 1.5. Any complete gradient steady Schouten soliton is trivial, hence Ricci flat. 

In particular, any complete three-dimensional gradient steady Schouten soliton is isomet- 
ric to a quotient of M^. In analogy with Perelman's classification of three-dimensional gra- 
dient shrinking Ricci solitons |26|, subsequently proved without any curvature assumption 
in [ZI, we have the following theorem. 

Theorem 1.6. Any complete three-dimensional gradient shrinking Schouten soliton is isometric to 
a finite quotient of either or M'^ or M x 

The plan of the paper proceeds as follows. In Section |2] we introduce the notion of gener- 
alized Ricci potential, which extends the concept of potential function for gradient p-Einstein 
soliton. In particular, these structures include some interesting examples of gravitational 
theories in Lorentzian setting (for instance, see ||3T1 ). We then prove local rectifiability for 
the subclass of nondegenerate generalized Ricci potential in the sense of Definition l2.2l below. 
Finally, we describe the geometric properties of the regular connected components of their 
level sets. 
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In Section m after proving some triviality results for compact gradient p-Einstein soli- 
tons, we prove Theorem 11.21 (listed below as Theorem I3.3|) and we exploit the rectifiability 
to show the rotational symmetry of complete noncompact gradient p-Einstein solitons with 
positive sectional curvature under suitable assumptions (see Theorems 13.41 and ?? for the 
three-dimensional case and Theorem 13.51 for the locally conformally flat case in every di- 
mension). 

In Section U motivated by the results obtained in Section |3l we study complete simply 
connected gradient p-Einstein solitons, which are warped products with canonical fibers. In the 
complete noncompact case, we have that either the solution splits a line or it has positive 
sectional curvature everywhere. In the first case, we have that the soliton must be homo- 
thetic to either a round cylinder M x S"^^, or to the hyperbolic cylinder M x M"^^ or to the 
flat M", as it is proven in Theorem 14.21 In the case where the soliton has positive sectional 
curvature, we only focus on the steady case and we prove in Theorem 14.31 some existence 
(p < l/2(n — 1) or p > l/(n — 1)) and non existence results (l/2(n — l)<p<l/(n — 1)). As a 
consequence of Theorem l4.3l and the results in Section|3l we obtain Theorem ll .31 (listed below 
as Corollary 1331) and Corollary 14.51 which gives the classification of complete n-dimensional 
locally conformally flat gradient steady p-Einstein solitons with positive sectional curvature. 
In Proposition we describe the asymptotic behavior of the solutions constructed in The- 
orem |43l In particular, it turns out that for p = l/(n — 1) the rotationally symmetric steady 
soliton is asymptotically cylindrical and provides the n-dimensional generalization of the 
Hamilton's cigar. We refer to these solutions as cigar-type solitons. 

In Section|5l we focus on the case of Schouten solitons, which corresponds top = 1/2 
and we prove Theorems 11.51 and II. 6[ listed below as Theorem 15.31 and Theorem 15.41 respec- 
tively. Finally, in Section [6l we list some open questions and concluding remarks. 
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2. Rectifiability and generalized Ricci potentials 

In this section we prove a local version of the rectifiability for a wide class of structures, 
which includes gradient p-Einstein solitons. To describe this class, we introduce the notion 
of generalized Ricci potential. 

Definition 2.1. Let {M^,g), n > 3, be a Riemannian manifold and let f : M" Rbe a smooth 
function on it. We say that f is a generalized Ricci potential /or {M"-,g) around a regular con- 
nected component Sc of the level set {/ = c} if there exist an open neighborhood U of Tic and smooth 
functions a, /3, 7, C, : f{U) — ^ such that the metric g satisfies the equation 

Ric + aVV = Pdf <E)df + jRg + Cg + r]P , on U , (2.1) 

for some symmetric, parallel (2, 0)-tensor P, such that P{Vf, ■) = and P o Ric = Ric o P. 

We present now some examples of generalized Ricci potential. 
(1) Gradient Ricci solitons, corresponding to {a, /3, 7, C, r/) = (1, 0, 0, A, 0), for some A G M. 
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(2) Gradient p-Einstein solitons, corresponding to (a, /3, 7, (, rf) = (1, 0, p, A, 0), for some 

A,p G M. 

(3) Quasi-Einstein metrics (see im and ||2ll), corresponding to (a, /3, 7, C, ??) = (1, /i, 0, A, 0), 
for some A, p G M. 

(4) Fischer-Marsden metrics (see UlTl and II23II ). wherever the potential fimction is dif- 
ferent form zero. These metrics satisfy the equation 

fRic-V^f = -^Rg. 

n — 1 

Hence, where f 0, they correspond to (a, 7, C, ??) = (— 1//,0, l/(n — 1),0,0). 

(5) Solutions to vacuum field equations in Lorentzian setting induced by actions of the 
following type 

S{g,f)=[ {a{f)R + bif)\Vf\^)dVg, (2.2) 

where a and b are functions of the scalar field /. The associated Euler equations, if 
a, 6 / 0, are given by 

Ric-Ug = ^{df^df-'^\Vf\'g)-f\Vf\^ + -{V'f-Dfg), 

Zi Ob ZlOb Qj 

where □/ = g''^^i^ jf- The simplified equation reads 

„. a' 2. a"-b ,^ ,^ a'b' -2a"b+{a'f{b/a) 

^ = 2(n - 2)5^ + 2(n - l)a'b' - 4(n - l)a"b ' 

Hence, where a, 5 / 0, these solutions correspond to a generalized Ricci potential 
with 

(a B C - i - ^ ^'b'-'ia"bHa'?ib/a) q 

7,',, — a' a ' 2(n-2)6^+2(n-l)a'fe'-4(n-l)a"6'"-''"y " 

(5-bis) Solutions to the vacuum field equations in Bergmann-Wagoner-Nordtvedt theory of 
gravitation (for an overview see 1.31 J ) 



S{g,f) = l^{fR-'^\Vf\')dV,. 



where a; is a smooth function of the scalar field /. This is a particular case of Example 
(5) with a{f) = f and b{f) = —uj{f)/f, we assume a, 6 / 0. The associated Euler 
equations are given by 

Ric-^Rg = -^{<if»d/-l|V/p<,) +i{vV-D/9), 

where uj' = doj/df . A simple computation implies the following structure equation 
for the metric g 

1 ' f 
Ric--V^f = ^df®df-- 9^ Tw7^5. 
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These solutions correspond to a generalized Ricci potential with 

(en, (3,-f,C,V) = ( ~ 7'7^'~(n-2)(3+2(j)t/-2(n-l)a;'/'^'^) ' 

For what follows, it is also convenient to introduce a notion of nondegeneracy for gener- 
alized Ricci potential. The motivation for the following definition comes from Theorem 12 .11 
below. 

Definition 2.2. In the same setting as in Definition \2.1\ we say that a generalized 
/ is nondegenerate around Sc if the following conditions are satisfied on U 

a / 0, 
- a' - /3 / , 

( 2aa'-a"-l3' , f l-2{n-l)'y \ _ (l-n7)(a'+/3)+a^7 , 

I a^-a'-l3 '~ a )\ 2 / a ' ^ ' 

where we denoted by (•)' the derivative with respect to the f variable. 

We notice that the smooth functions C arid r] are not involved in the nondegeneracy condi- 
tions. We also observe that the metrics in the examples (1), (3) and (4), give rise to degenerate 
generalized Ricci potentials, whereas examples (5) and (5 — bis) are generically nondegener- 
ate generalized Ricci potentials. Moreover, it is not difficult to check that if we start with a 
generalized Ricci potential / as in Definition 12. 1 1 and we change the metric g into g = (jP' g, 
for any positive smooth function cj) : f{U) — )■ M, we have that / still remains a generalized 
Ricci potential for g with suitably modified coefficients. On the other hand, we conjecture 
that the condition of being a degenerate Ricci potential is stable under this class of conformal 
changes (so far, we have evidences of this fact in the case of gradient Ricci solitons). We are 
now in the position to state the main theorem of this section. 

Theorem 2.1. Let {M"',g), n > 3,bea Riemannian manifold and let f be a nondegenerate gener- 
alized Ricci potential/or (M", g) around a regular connected component Sc of the level set {/ = c}. 
Then, there exists an open neighborhood U ofEc where f is rectifiable. 

Proof. We start our analysis by proving a series of basic identities for /. The notations 
adopted are the same as in Definition 12.11 

Lemma 2.2. Let (M^-jg), n > 3,bea Riemannian manifold and let f bea nondegenerate general- 
ized Ricci potential /or {M'^,g) around a regular connected component Sc of the level set {/ = c}. 
Then, there exist an open neighborhood U of Tic where the following identities hold 

A/ = V/|2 + ^-n-lR + l^ + ltrP, (2.6) 

l-2(n-l)7 ^^^ ^ (n-l)(aV-»^7-7/3)+a'+/3 ^ ^ (2.7) 

^cRah - ^bRac = liOab^cR " Qac^ bR) + ^{Rab^cf " Rac^bf) - a Rcabd^ df 

+V {Pabyj - PacVtf) + e {gabyj " 5ac Vfe/) , (2.8) 

VbRVJ = VcRybf, (2.9) 

where trP = g"'^Pab is the constant trace of the tensor P, a : f{U) — )• M and : M'^ — ^ M are 
smooth functions and we denoted by (•)' the derivative with respect to the f variable. 

Proof. The proof is divided in four steps, corresponding to each of the four identities. 
Equation (|2.6p. We simply contract equation (|2.1|). 



Ricci potential 

(2.3) 
(2.4) 

(2.5) 
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Equation (|2.7p. Taking the divergence of the structural equation (|2.1|), one has 

= iVi? + aVA/ + ai?ic(V/, •) + a'v2/(V/, •) 
- (3AfVf - f3V^f{Vf, ■ ) - l3'\Vf\^Vf 
-^VR-j'RVf-C'Vf, 

where we used Schur lemma 2 div Ric = dR, the commutation formula for the covariant 
derivatives and the facts that VP = and P{Vf, ■) = (). Using equation (I2.6II and observing 
that trP is a constant function, we have 

= 2(n-i)7-i vfi + (/3 + a')V^f{Vf, ■ ) + a Ric{Vf, ■ ) 

where ct2 : f{U) — M is some function of /. Notice that we have used the nondegeneracy 
condition (|2.3|l a ^ 0. Using again equation (|2.1|) to substitute the Hessian term V^/, we get 

where o"3 : f{U) — M is some function of /. 

Equation (|2.8|) . Taking the covariant derivative of equation jl.l^ we get 

VcRab-^bRac = -aiVc^b^af -Vb^cyaf) 
+ 'y{gab'^cR - Qac^bR) 
+ (/3 + a')(VeVa/Vfe/ - V.VafVcf) 
+ {C' + l'R){9abVcf-9acybf) 
+ r]'{PabVJ-PacVbf) 
= -a RcbadVclf + l[gab^cR - 9acVbR) 
+ ^{RabVcf-RacVbf) 

+ v'{Pab'^cf - PacVbf) + ^gab'^cf " ffacVfe/) , 

for some smooth function : M'^ — R. Notice that in the last equality we used again the 
commutation formula and equation il.li . 

Equation (|2.9D . Taking the covariant derivative of equation (I2.7II , one obtains 



2aa'-a"-/3' (a2-a'-/3)(a'-/3) 




Rcd^bf^df 



+ 6 (VbPV,/ + V JVeP) + CsVbfVJ 

+ ^4VfeVc/ + CsPfac + CeRbdRcd + ^rPbdRcd , 
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for some smooth functions ^2) • • • , : ^^'^ 
hand side are symmetric. Thus, we get 

l-2(n-l)7 



L Notice that the last six terms of the right 







2 

2aa'-o." 



(5' {a^ -a' -13) {a' -13) 



{RcdVbf-RbdVj)Vdf 



-a'-l3 



iy cRbd — bRcd)'^ df 
a'-(n-l)a'7+/3-(n-l)/37 , 



[VcRybf - ybRyj) . 

Substituting equation (|2.8|) in the second term of the right hand side, we obtain 







2aa'-a"-l3' , 2(a^-a'-/3)ff 
a cP 



[RcdVbf-RbdVcf)Vdf 



VcRVbf - VbRVj) . 

Now, to conclude, it is sufficient to substitute the first term of the right hand side using 
equation (|2.7|). Notice that in doing that we make use of the nondegeneracy condition (|2.4|) 

2 - ^/ - /3 ^ 0. 

2aa'-a" 



a 



a 







2/3^^1-2(n-l)7^ 



+ f)( 



(l-n7)(a'+/3)+a^7 



a^-a'-l3 ^ a A 2 

Equation (|2.9|l follows now from the third nondegeneracy condition (|2.5 | 



V.RVbf - VbRVj) . 



( 



2aa'-a" 



^ l-2(n-l)7 ^ 
2 



(l-n7)(a'+/3)+a^7 



This concludes the proof of the lemma. □ 

Let now U be the neighborhood of a regular connected component Sc of the level set 
{/ = c}, where equations (|2.6|l - l|2.9|l are in force and, by continuity, let 5o be a positive real 
number such that the regular connected components T,c+s of the level sets {/ = c + 6} are 
subsets of U, for every < |(5| < Sq. We are going to prove that |V/| is constant along any 
< I (5 1 < Sq. First of all, we notice that R is constant along any T,c+5- Indeed, from 
equation (|2.9|l , for all V G TT,c+5, one has 

{VR,V) |V/|2 = {VR,Vf){Vf,V) = 0. (2.10) 

Moreover, from the structural equation (12.111 

(V|V/|2,y) = 2V2/(V/,y) (2.11) 

= (if |v/p + '-^R + f )(v/, V) + ^r(v/, y) - lRic{vf, v) 



l-2(n-l)7 

Q,2_Q,/_^ 



(Vi?,y) = 0, 



where in the last equality we have used equation (12. 7D together with the fact that P( V/, • ) = 0. 
We point out that we made use of the nondegeneracy conditions (I2.3D , (I2.4D . This concludes 
the proof of Theorem 12.11 □ 

As a direct consequence of Theorem 12. 1[ we prove the following proposition, which de- 
scribes some remarkable geometric properties of the regular level sets of a nondegenerate 
generalized Ricci potential. 

Proposition 2.3. Let {M"',g), n > 3, be a Riemannian manifold and let f be a nondegenerate 
generalized Ricci potential /or {M"-,g) around a regular connected component T,c of the level set 
{/ = c}. Then, the following facts hold: 
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(i) The scalar curvature R and |V/| are constants along Sc. 

(ii) The mean curvature H of Sc is constant. 

(iii) The scalar curvature R^ of (Sc, g), with the induced metric by g on Sc, is constant. 

In particular, in a neighborhood ofT^c, the generalized Ricci potential f and all the geometric quanti- 
ties R, I V/l , H and R^ only depend on the signed distance r to Sc. 

Proof. As we have already observed in equations (|2.10|) and (|2.11|l , property (i) follows im- 
mediately. From this we deduce that, in a neighborhood C/ of Sc where equations !|2.6|) - (|2.9|) 
are in force, the generalized Ricci potential / only depends on the signed distance r to the 
hypersurface Sc. In fact, since Vr coincides with the unit normal vector u = V//|V/|, one 
has df = |V/|(ir = f'dr, where /' = df /dr. Moreover, ii 9 = {9^ . . . , 6*"^^) are coordinates 
adapted to the hypersurface Sc, we get 

VV = Vd/ = f'dr ®dr + fV'^r = f'dr dr + ^ drgij d9' ® d9^ , 



as 



2 



2 " 2 

for i, j = 1, . . . , re — 1. 

To prove (ii), we recall that the second fundamental form h verifies 

, _ (VV)^i _ Rij - {iR + 09^j - riPjj 
|V/| a|V/| 

for i,j = l,...,re — 1. Thus, the mean curvature H of Sc satisfies 

i . R - Rrr -{n- l)(7fi + C)-Vr + 7?P,, 

H = g-' iiij = — — 

a|V/| 

(1 - (re - l)-i)R - Rrr - (re - 1)C - ^tr{P) 

Now, combining equation (I2.7D with property (i), it is easy to deduce that Rrr is constant 
along Sc and property (ii) follows. 

In order to prove (iii), we consider the contracted Riccati equation (see IfTSl Chapter 1]) 

= — H' — Rrr 

and we deduce at once that the norm of the second fundamental form is also constant 
on Sc. Now, from the Gauss equation (see again [ISl Chapter 1]) 

Rp = R — IRrr — + , 

we conclude that the scalar curvature Rp of the metric induced by g on Sc is constant and 
property (iii) follows. It is now immediate to observe that in U all the quantities R, |V/|, 
and Rp only depend on r. □ 

Remark 2.4. We observe that all the computations in this section still remain true in Lorentzian or 
even semi-Riemannian setting. In particular, whenever the nondegeneracy conditions are satisfied by 
the coefficients involved in examples (5) and (5 — bis) above, we have that the corresponding space- 
time solutions to the relativistic Einstein field equations are necessarily foliated by hypersurfaces 
with constant mean curvature and constant induced scalar curvature, about a regidar connected 
component of a level set of the potential f . 
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3. Gradient p-Einstein solitons 

We pass now to the analysis of gradient p-Einstein solitons. We recall that a gradient p- 
Einstein soliton is a Riemannian manifold {M"-,g), n > 3, endowed with a smooth function 
/ : M" — )• M, such that the metric g satisfies the equation 

Ric + V'^f = pRg + Xg, (3.1) 

for some constants /?, A G M, p / 0. To see that gradient p-Einstein solitons generate self- 
similar solutions to the p-Einstein flow dtg = —2{Ric — pR g) it is sufficient to set g{t) = (1 — 
2Xt) ^pl{g), if 1 — 2\t > 0, where tpt is the 1-parameter family of diffeomorphisms generated 
by Y{t) = V//(l - 2Xt) with ipo = idu". 

We start by focusing our attention on compact gradient p-Einstein solitons and we prove 
the following triviality result. 

Theorem 3.1. Let {M'^,g), n > 3, be compact gradient p-Einstein soliton. Then, the following 
cases occur. 

(i) P < l/2(n — 1), then either A > and R > or the soliton is trivial. 
(i-bis) If p = l/2(n — 1), then the soliton is trivial. 

(ii) Ifl/2{n — l) < p < 1/n, then either A < and R < Oor the soliton is trivial. 

(iii) If 1/n < p, then the soliton is trivial. 

Proof. It follows from the general computation in Lemma IT2l that if equation (13.111 is in force, 
then we have 

A/ = (np - l)R + nX , (3.2) 
(1 - 2(n - l)p) Vi? = 2Ric{Vf, ■ ) . (3.3) 
Since M" is compact, integrating equation (13.211 , we obtain the identity 

A = RdVg, (3.4) 

J M 

where jj^j R dVg = Yo\g{M)^^ J^^ R dVg. Taking the divergence of equation (|3.3|) , we obtain 

(1 - 2(n - l)p) Ai? = {VR,Vf) + 2(pi?2 - \Ricf + XR) . (3.5) 

Case (i): p < l/2(n — 1). Let g be a global minimum point of the scalar curvature R. Then, 
from equation (I3.5D , one has 

< (l - 2(n - l)p)Afl|g = 2{pR^ - \Ric\^ + XR)ig 

< 2i?|,(A-l^i?)|^, 

where in the last inequality we have used |i?icp > (l/n)i?^. Since R{p) > R{q) for all 
p s M", then from (13.41) we deduce that 

— n 19 ' 

with equality if and only if i? = R^^. In this latter case equation (I3.2D implies that A/ = 0, 
thus / is constant and the soliton is trivial. On the other hand, the strict inequality implies 
R\q > which forces A > and R > 0. 

Case (i-bis): p = l/2(n — 1). Assume that the soliton is not trivial. Then, by case (i), 
we can assume R > 0. First of all, we notice that equation (|3.3|) implies that V//|V/| is 
an eigenvector of the Ricci tensor with zero eigenvalue, i.e. Ric{V f /\V f\, • ) = on M". 



GRADIENT EINSTEIN SOLITONS 11 

In particular the following inequality holds |i?icp > B? / (n — 1). On the other hand, from 
equation {3.5) , one has 

(Vi?, V/) = 2\Ric\^ - - 2XR > ^R{R - 2{n - 1)A) . 

Let g be a global maximum point of the scalar curvature R. Then, since R{q) > 0, we obtain 

< 2{n - 1)A. 

Since R{p) < R{q) for all p G M", then from dMl) we deduce that A < 2n(n^i) % ' which 
contradicts the the positivity of the scalar curvature. 

Case (ii): l/2(n — 1) < p < 1/n. Let g be a global maximum point of the scalar curvature 
R. Then, from equation (|3.5|) , one has 

< (1 - 2(n - l)p) Ai?|, = 2{pR^ - |i?icp + Ai?)|g 

< 2i?|,(A-l^i?)|^, 

where in the last inequality we have used \Ric\'^ > {\/n)R^. Since R{p) < R{q) for all 
p E M", then from (I3.4I) we deduce that 

with equality if and only if = R\q. In this latter case equation H3.2|) implies that A/ = 0, 
thus / is constant and the soliton is trivial. On the other hand, the strict inequality implies 
R\q < which forces A < and i? < 0. 

Case (iii): 1/n < p. First of all, we notice that ii p = 1/n, then from equation (I3.2D . one has 
A/ = nA on M". This forces A = and / to be constant. On the other hand, if l/?7, < p, we 
integrate equation (I3.5D obtaining 

= [ {VR,Vf)dVg + 2 f {pR^ - \Ric\^ + \R) dVg 

J M Jm 

= - [ RAfdVg + 2 [ {pR^ - \Ric\^ + XR) dVg 
Jm Jm 

= [ [{1- {n-2)p)R^ -2\Ric\'^ - {n-2)XR]dVg 
Jm 

< _ ("-2K"P-i) [ R^dVg-{n-2)X [ RdVg, 
Jm Jm 

where we have used the inequality [Ricl"^ > {l/n)R^. Substituting identity (|3.4|l , we get 

< ( y- RdVg^^ - £ R^ dVg<0, 

by the Cauchy-Schwartz inequality. Hence, R must be constant and the soliton must be 
trivial. □ 

We observe that the same statement as in case (i) was already known for compact gradient 
Ricci solitons (formally corresponding to p = 0, see [20] and [22j). An immediate conse- 
quence of Theorem 13. II is the following corollary, concerning the most significant classes of 
/9-Einstein solitons. 

Corollary 3.2. Any corn-pact gradient Einstein, Schouten or traceless Ricci soliton is trivial. 
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To conclude the analysis in the compact case, we notice that compact gradient Schouten 
solitons appeared in p5l equation 2.12] as a first characterization of the equality case in an 
optimal L^-curvature estimate on manifolds with nonnegative Ricci curvature. 

We turn now our attention to the case of general (possibly noncompact) gradient p-Einstein 
solitons. As an immediate consequence of Theorem 12. 1[ we have the following: 

Theorem 3.3. Any gradient p-Einstein soliton is rectifiable. 

Proof. It is sufficient to check that the nondegeneracy conditions (I2.3D - (I2.5D with a = 1, /3 = 
and 7 = p / are satisfied everywhere. Hence, we can apply Theorem l2.1[ □ 

In the previous section we have seen that if a Riemannian manifold {M",g) admits a 
nondegenerate generalized Ricci potential /, then, around every regular regular connected 
component of a level sets of /, the manifold is foliated by constant mean curvature hypersur- 
faces. Obviously, the same is true for gradient p-Einstein solitons. Moreover, in dimension 
n = 3 this fact has immediate stronger consequences, which we summarize in the following 
theorem. 

Theorem 3.4. Let {M^, g) he a three-dimensional gradient p-Einstein soliton with p < and A < 
or p> 1/2 and A > 0. If{M^,g) has positive sectional curvature, then it is rotationally symmetric. 

Proof. We give the proof only in the case p > 1/2 and A > 0. The proof of the other part of 
the statement follows with minor changes and it is left to the interested reader. 

First of all we notice that g has positive sectional curvature if and only if the Einstein 
tensor Ric — (l/2)i? g is negative definite. Hence, from the soliton equation, it follows that / 
is a strictly convex function. In particular Afi is diffeomorphic to and / has at most one 
critical point. We claim that / has exactly one critical point. In fact, by the strict convexity 
of /, we have that all of its level sets are compact. Now, if / has no critical points, then 
the manifold would have two ends (see [2, Remark 2.7]). Since Ric > 0, it would follow 
from Cheeger-Gromoll Theorem that the manifold splits a line, but this contradicts the strict 
positivity of the sectional curvature. Hence, the claim is proved. Let O G be the unique 
critical point of / and let S C \ {0} be a level set of /. Then S is compact, regular, 
orientable and its second fundamental form is given by 

_ Rjj - {pR + \)gij 
|V/| 

for i, j = 1, 2. Since p > 1/2, A > and g has positive sectional curvature, then hij is positive 
definite. In particular < and from Gauss equation we have 

R^ = R- 2Rrr - + >0. 

Using Theorem l3.3l and Proposition l2.3l we have that (S, 51^) has constant positive curvature. 
This implies that, up to a constant factor, (S, 5^) is isometric to (S^, 5^ ) and on \{0} the 
metric g takes the form 

g = dr0dr + uj{rfg§2 , 
where r(-) = dist{0, •) and u : — )■ is a positive smooth function. □ 

A possible extension of Theorems 13.41 above to higher dimensions may be obtained in 
the spirit of [81, [12| and [li], under the additional hypothesy that the manifold is locally 
conformally flat. We notice that in this approach, the rectifiability is most of the time deduced 
as a consequence of the locally conformally flatness coupled with the soliton structure. In 
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our case it would still be possible to proceed this way, however we will take advantage of 
the rectifiability provided by Theorem l3.3l to get a shortcut in the proof. 

Theorem 3.5. Let {M"-,g) be a complete n-dimensional, n > 4, locally conformally flat gradient 
p-Einstein soliton with p < and A < or p > 1/2 and A > 0. If {M"-,g) has positive sectional 
curvature, then it is rotationally symmetric. 

Proof. We give the proof only in the case p > 1/2 and A > 0. The proof of the other part of 
the statement follows with minor changes and it is left to the interested reader. 

First of all we notice that since g is locally conformally flat and it has positive sectional 
curvature then the tensor Ric — {1/2)R g is negative definite. In fact, from the decomposition 
formula for the curvature tensor, it follows that 

Aj + A,- > R , 

n — 1 

for every i = 1 , . . . , n, where Aj are the eigenvalues of the Ricci tensor. Hence, from the soli- 
ton equation, it follows that / is a strictly convex function. In particular M" is diffeomorphic 
to R" and / has at most one critical point. We claim that / has exactly one critical point. In 
fact, by the strict convexity of /, we have that all of its level sets are compact. Now, if / 
has no critical points, then the manifold would have two ends (see 121 Remark 2.7]). Since 
Ric > 0, it would follow from Cheeger-GromoU Theorem that the manifold splits a line, but 
this contradicts the strict positivity of the sectional curvature. Hence, the claim is proved. 
Let O G be the unique critical point of / and let S c M" \ {O} be a level set of /. 
To be definite, we choose the sign of r in such a way that /' = |V/|. By Theorem 13.31 and 
Proposition I2.3[ we also have that /, |V/|, R and R^, which is the scalar curvature induced 
on the level sets of /, only depend on r. The proof follows the one in [14, Theorem 1.1]. 
With the same convention as in Proposition l2.3[ the second fundamental form and the mean 
curvature of S are given by 

_ Rjj - {pR + \)gij (1 - (n - l)p)R - Rrr - (n - 1)A 

m ^"""^ m ' 

for i, j = 1, . . . , n — 1. We are going to prove that (S, g^) is totally umbilic, namely 

hij - {H/{n-l))gij = 0. 

In the spirit of lfT4l Theorem 1.1], we introduce the Cotton tensor 

I 

Cabc = ^cRab — ^ bRac — —, TrC^cRgab — ^bRQac) , 

2[n — Ij 

for a,b,c = 1, . . . ,n. Now, if we assume that the manifold is locally conformally flat, then 
the Cotton tensor is identically zero, since 

2 

= VdWabcd = ^ Cabc , 

n — 2 

where W is the Weyl tensor of g. Using Lemma 12.21 and the formulae for the second fun- 
damental form and the mean curvature of S, and taking advantage of the rectifiability, it is 
straightforward to compute 

[n — 2)\-' n — 1 
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for i,j = l,...,n — l. Hence, the umbilicity is proven. From the Gauss equation (see also HI 
Lemma 3.2] for a similar argument), one can see that the sectional curvatures of (S, g^) are 
given by 



= i^ii + ^n) ~ (n-l){n-2)^ + (n-l)^ 

2 p 1 p J 1 tt2 

- n-2^ii (n-l)(n-2)-" ^ (n-l)^-" 

- 2 fflVfl I 2 X l-2(n-l)p n 1 ,. ff^ 

- -(n-l)(n-2)^l^^l + Tr^^~ (n-l)(n-2)^+ ' 

for i, j = 1, . . . , n — 1, where in the second equality we used the decomposition formula 
for the Riemann tensor, the locally conformally flatness of g and the umbilicity. Since, by 
Proposition I2.3[ all the terms on the right hand side are constant on S, we obtain that the 
sectional curvatures of (E, g^) are constant. The positivity follows from the Gauss equation, 
the umbilicity and the fact that {M^, g) has positive sectional curvature. It follows that, up 
to a constant factor only depending on r, (S,^^) is isometric to (S"^^,g^" ^). Hence, on 
\ {0} the metric g takes the form 

g = dr (g) dr + u>{r)'^ggn-i , 

where r(-) = dist{0, •) and w : M"'' — is a positive smooth function. In particular, this 
shows that g is rotationally symmetric. □ 



4. Warped product gradient p-Einstein solitons with canonical fibers 

In this section, motivated by Theorems l3.4[ 13.51 we study complete simply connected gra- 
dient /9-Einstein solitons (Af", g), n > 3, which are warped product with canonical fibers. More 
precisely, we assume that g is of the form 

g = dr®dr + uj{rfgcan in M" \ A , (4.1) 

where gcan is a constant curvature metric on a (n — 1) -dimensional manifold, r G (r,,,r*), 
— oo < r^, < r* < +00, the warping factor uj : (r^,,r*) — IR+ is a positive smooth function 
and A C Af " consists of at most two points, depending on the behavior of a; as r — r^, and 

The main focus of this section will be the analysis of gradient steady p-Einstein solitons 
with positive sectional curvature which are warped product with canonical fibers. 

Remark 4.1. It is worth pointing out that all the analysis of this section is consistent with the limit 
case of gradient Ricci solitons {p = 0). 

For notational convenience we set m = n — 1. We agree that Riccan = {m — I) k gcan, 
K G { — 1,0,1}. In Af" \ A, the Ricci curvature and the scalar curvature of g have the form 

u" 

Ric = —m — dr (g) dr + ((m — 1)(k — (w')^) — ww") gcan , 

OJ 

R = —2m h mim — 1) . 

a; a;^ 

Moreover, the Hessian of / reads 

V^/ = f'dr ®dr + ujJf'gcan ■ 
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Hence, the soliton equation (|1.3|) reduces to 

fio'^ — (m — 2mp)ujuj" + m{m — l)p{uj')'^ — \uj^ — m{m — l)pK = 
/W - (1 - 2mp)ujuj" - (m - 1)(1 - mp){(jj'f - Aw^ + (m - 1)(1 - mp)K = . 

Introducing the variables 

X = uj' and y = —ujf 

and the independent variable t, which satisfies dt = {l/uj)dr, one obtains the first-order 
system 

(1 — 2mp) X = [m — 1)(1 — mp){K — x^) — xy — Aw^ 
< (1 — 2mp) y = —m{in — 1)(1 — (m + 1)p){k — x^) + (1 + m — Amp)xy + (m — l)Xoj'^ 

U = XUJ , 

(4.2) 

for every t G where = lim^^j.^, t{r) and = limr_i.r* t{r)- In the system above 

( ' ) denotes the derivative with respect to the t variable, and with a small abuse of notation 
we consider a; as a function of t. It is immediate to see that the equilibrium points of this 
system in the xyw-space are P = (1,0,0) and Q = (—1,0,0). We start with some general 
consideration about the interval of definition of the variables r and t. 

We observe that, if M" is compact, we have that — oo < r^, < r* < +oo and 

lim uj{r) = and lim u;'(r) = 1 , 

r— >r, r— >r« 

lim u;{r) =0 and lim uj'{r) = — 1 . 

r— )-r* r— >r* 

In particular, we have that k = 1 and (M" , g) is rotationally symmetric (see 111 Lemma 
9.114]). Next we claim that, = — oo and t* = +oo. In fact 

r° ds r ds 

t* = t{ro) - lim / — - and t* = t{ro) + lim / — — , 

for any fixed ro G (r*,r*). Since a;(s) — > Oanda;'(s) — ^ 1 as s — ^ r*, we have that a; (s) ~ s — r^,. 
Analogously uj{s) ~ r* — s, as s — r*. In particular, the two integrals diverge and the claim 
follows. Since is compact, the limits of f'{r) as r tends to r*, r* exist and are zero. Thus, 
the solution (x, y, co) converge to the equilibria P = (1, 0, 0) and Q = {—1, 0, 0) as t tends to 
— oo and +oo respectively. 

We pass now to consider complete, noncompact, gradient /9-Einstein solitons which are 
warped product with canonical fibers. If Rrr = 0, we have that the only admissible solutions 
are the flat M" or cylinders with canonical fibers and the interval of definition of r is either 
the half straight line or the entire line respectively. More precisely we have the following 
classification. 

Theorem 4.2. Let (M", g), n>3,bea complete, noncompact, gradient p-Einstein soliton which is 
a warped product with canonical fibers as in (14.111 . If Rrr = 0, then {M"',g) is either homothetic to 
the round cylinder M x E"'^^, or to the hyperbolic cylinder M x W^^^ or to the flat M". 

Proof. We observe that, as a function of r, uj is given by uj{r) = ujq + XQ{r — ro). Since {M"',g) 
is assumed to be smooth and complete, the only admissible value of xq are 0, 1 and —1. 

Case 1. When xq = 0, we have that (r*, r*) = (— oo, +oo) and ui = cjq- Depending on the 
sign of 1 — (n — l)p, one has the following cases. 
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• /9<l/(n — 1). In this case either we have A = 0, k = 0, no restrictions on loq and the 
soliton is trivial; or A > 0, k = 1,ujq = (n— 2)(1— (n— l)/9)/A and /(r) = 2(i~{n~i)p) ''^'^~^ 
flo'^ + ^O/ for some constants ao,6o G IR;or A < 0, k = —1,ujq = —{n — 2){l — {n — l)p)/X 
and /(r) = 2(i-(n-i)p) + '^of + &0/ for some constants ao, 6o € M. 

• p=l/(n — 1). In this case we have A = 0, no restrictions on k, no restrictions on loq 
and /(r) = '■"^"^-'^ r^ + aor + &0/ for some constants aQ,bo G K. 

• p > l/(n — 1). In this case either we have A = 0, k = 0, no restrictions on ujq 
and the soliton is trivial; or A > 0, k = —1, ujq = — (n — 2)(1 — (n — l)p)/A and 
/(r) = 2(i-(n-i)p) ^^ + '^o^ "I" ^0' some constants ao,6o € M; or A < 0, k = 1, 
Wq = (n — 2)(1 — (n — l)p)/A and /(r) = 2{i-(n-i)p) ''''^ ^o'" + ^O' some constants 
ao, 6o G M. 

Case 2. When xq = 1, we have that (r*,r*) = (ro — a;o,+oo), uj{r) = wq + r — ro, and 
K = 1 (see [1. Lemma 9.114]). In particular, the metric is rotationally symmetric and flat, 
more precisely, (M", g) is isometric to (M", ^f*"). Moreover, we have no restrictions on both 
A and ojq and /(r) = ^r^ + aor + bo, for some constants oq, to G 

Case 3. When xo = —1, we have (n, r*) = (— cx),a;o — ^o), w(r) = wo — r + ro and /t = 1. In 
particular, the metric is rotationally symmetric and flat, more precisely, (M" , g) is isometric 
to (M", g^"). Moreover, we have no restrictions on both A and ujq and /(r) = ^r^ + aor + bo, 
for some constants oq , 6o G M. This completes the proof. □ 

We pass now to consider complete, noncompact, gradient /9-Einstein solitons which are 
warped product with canonical fibers for which Rrr > for every r G (r^,, r*). First of all, 
we observe that the maximal interval of definition (r*, r*) cannot coincide with M, since cj 
is positive and strictly concave. Without loss of generality we can assume — cxd < r^, and 
r* = +00, since M" is noncompact (the same considerations will apply to the case r* < +oo 
and — oo = r^,). By smoothness of {M"-,g), we have that 

lim uj{r) = and lim u}'{r) = 1 . 

r— >r, r— )-r» 

In particular, we have that k = 1, thus, {M^,g) is rotationally symmetric (see again IlJ 
Lemma 9.114]) and diffeomorphic to M". We note incidentally that, from the point view of 
system (|4.2p. we are looking to solutions which 'come out' from the equilibrium P = (1,0,0). 

To proceed, we claim that t^, = — oo and t* = +oo. The first claim follows, reasoning as in 
the compact case. To prove that t* = +oo, we observe that, since Rrr > 0, we have that i; < 
everywhere. Combining this with the fact that limt_)._oo x{t) = 1, we deduce that oj' = x <1 
everywhere. In particular, for any given ro G (r*, +00), we have that ijj{r) < oo{ro) + r — ro- 
Recalling that 

t* = t(ro) + lim [ , 

and using the latter inequality for uj, it is immediate to see that the integral on the right hand 
side must diverge and the claim is proved. 

Another consequence of the fact that x < everywhere is that x must be strictly positive 
for all times. Indeed, if we assume that x{to) = for some to G M, then, by the fact that x 
is strictly negative, we have that there exist e > and ti = ti{e) G M such that x{t) < —e 
for every t > ti. This would imply that u}'{r) < —e for every r > ri = r{ti). Since oj is 
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defined for all re [r*, +00), the latter condition would force oo to become negative, which is 
geometrically unacceptable. Hence < x{t) < 1 for every t, in M. 

Before starting the discussion of the steady soliton case, we observe that the sectional 
curvature of a rotationally symmetric metric as in (14.11) are given by 



Krad = = 2 Ksph 



where K^ad arid Kgpy are the sectional curvatures of planes containing or perpendicular to 
the radial vector, respectively. Hence, a solution to the system (14.31) has positive sectional 
curvature if and only if x < and — 1 < 2; < 1, which is always the case, when R„ > 0. 

In the following theorem we classify solutions of the system with Rrr > for every r G 
(r*, r*) and A = 0. 

Theorem 4.3. If p < l/2(n — 1) or p > l/(n — 1), n > 3, then, up to homotheties, there exists 
a unique complete, noncompact, gradient steady p-Einstein soliton which is a warped product with 
canonical fibers as in (|4.H> with Rrr{ro) > Ofor some ro G (r*,r*). This solution is rotationally 
symmetric and has positive sectional curvature. 

Ifl/2{n — 1) < p < l/{n — 1), then there are no complete, noncompact, gradient steady p- 
Einstein solitons which are warped products with canonical fibers as in (14.11) with Rrr{ro) > Ofor 
some ro G (r^,, r*). 

Proof. From the previous discussion, we have that: k = 1 (rotational symmetry), (t*, t*) = M, 
{x{t),y{t),uj{t)) — > P = (1,0,0) as t — > -00, x < and < x < 1. Moreover, since A = 0, the 
system iA.l} , reduces to the decoupled one 

(1 — 2mp) x = (m — 1)(1 — mp){l — x^) — xy 

[1 — 2mp) y = —m{m — 1)(1 — {m + l)p)(l — x'^) + (1 + m — Amp)xy (4.3) 

UJ = XUJ . 

Case l:p<l/2(n — 1) = l/2m. Since the system is decoupled, it is sufficient to consider 
the first two equations and exhibit an admissible trajectory t 1— {x{t),y{t)) defined for all 
t G M such that \\m.t^^ao{x{t),y{t)) = (1,0). In the next, we are going to determine the 
support of such a trajectory. We start by observing that, since x < 0, one has 

(m — 1)(1 — mp)(l — x'^) < xy . 

This implies at once that y > for every t G M. The fact that the solution we are looking for 
must come out of (1,0) implies that, y > 0. Taking advantage of these facts, we are going 
to consider x as a function of y, with a small abuse of notations. It is now clear that the 
support of the admissible trajectory will coincide with the graph of a solution x = x{y) of 
the ordinary differential equation 

— = Fixiy),y) = {m-l){l-mp){l-x^)-xy ^^^^ 

dy ' —m{m — 1)(1 — {m + l)p){l — x^) + (1 + m — Amp)xy 

defined for y > and such that liniy^o ^iu) = 1- We prove the existence of such a solution, 
by taking the limit as e — )• of the family of solutions Xg, e G (0, 1), to the following initial 
value problems 

dx 

= F{xe{y),y) , yGM+ 

dy 

x,(0) = l + e. 
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We claim that for every e € (0, 1), the function is defined for all y G is monotonically 
decreasing and verifies the inequalities 

Ky) < xe{y) < 1 + e, 

for every y G where the lower bound h = h{y) is defined by 



^ -y+ ^Jy'^ + 4(m - 1)^(1 - mpY 
~ 2{m - 1)(1 - mp) 

We notice that F{h{y),y) = and dh/dy < for every y G M+. Hence, every solution to 
equation (I4.4II which is bigger than 1 = h{0) at y = always stays bigger than h{y) for every 
y G R+ where the solution exists. On the other hand, {x,y) i— F{x,y) is smooth and negative 
in the region {{x,y) \ y > and x > h{y)}. Combining these observations, the claim follows 
by standard ODE's theory. Moreover, it is easy to observe that, if < ei < £2 < 1/ then 
Xej(y) < x^^{y) for every y G M+. As a consequence of the claim, it is well defined the 
pointwise limit 

x{y) = limxe(y), 

and h{y) < x{y) < 1, for every y G M+. We want to prove that x{y) solves equation (|4.4|) in 
W^. To do that we consider an exhaustion [1/i, j] C R'^, j G N, and the associated family of 
compact sets Kj = {{x, y) \ l/j < y < j and h{y) < x < 2} c M^. Since, for every j G N, 
F G C°°{Kj) it is immediate to observe that ||iCe||c2(_ft:j) < Cj, for some positive constant 
Cj independent of e. By Ascoli-Arzela theorem, we have that x G C^{Kj) for every j G N. 
Hence, x{y) solves equation (I4.4I) in M+ and for what we have seen, Ymiy^Q x{y) = 1. 

To conclude, we observe that since, x < and x > 0, then this solution has positive 
sectional curvature. 

Case 2: p > l/(n — 1) = l/m. Reasoning as in the previous case, we are going to deter- 
mine the support of an admissible trajectory t 1— {x{t),y{t)) defined for all t G M such that 
limt^^oo{x{t),y{t)) = (1, 0). We start by observing that, since x < 0, one has 

(m — 1)(1 — mp){l — x^) > xy . 

This implies at once y < for every t G M. Hence y < 0. As before, regarding x as a function 
of y, we prove the existence of a solution x = x{y) of the equation (I4.4|) on y < and such 
that limy_^o x{y) = 1. Setting z = —y, this is equivalent to prove the existence of a solution 

X = x{z) to 

— = Gixiz),z) = (m - - mp){l - x^) + xz ^ ^^^^ 

dz ' m{m — 1)(1 — (m + l)p){l — x^) + (1 + m — Amp)xz ' 

defined on z G M"^. We prove the existence of such a solution, by taking the Umit as e — )• of 
the family of solutions x^, e G (0, 1), to the following initial value problems 

fi T 

^ = G{xe{z),z), ZGM+ 
x,(0) = l-e. 

From now on we consider the case p > l/m. We claim that for every e G (0, 1), the function 
Xg is defined for all z G M"*", and it is such that x^ < 1 for every z G M+. Moreover, there 
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exists > such that k{z) < Xe{z) for every z > z^, where the lower bound k = k{z) is 
defined by 

z + Y^z^ + 4(m — 1)^(1 — mpY 
~ 2{m - - mp) ■ 

We notice that G{k{z),z) = and dk/dz < for every z G M+. Hence, if there exists 
Ze such that x(ze) = k{zi;), then x{z) > k{z) for every z > z^. On the other hand, it is 
easy to observe that such a Zs exists. In fact, if not, we would have a strictly increasing 
function, Xs{z), which never crosses k{z), but this contradicts the fact that k tends to zero, 
as z — >• +00. In particular, Xe is strictly increasing before z^, it has a maximum in z^ and is 
strictly decreasing after Ze- Hence, x^{z) < x^{ze) = k{z^) < 1. Finally, as {x,z) ^ G{x,z) 
is smooth in the region (0, 1) x M"*", the solution x^ exists for every z G and the claim 
follows. Moreover, as a consequence of standard ODE's comparison principle, it is easy to 
observe that, if < ei < £2 < 1/ then > Xe2{z) for every z G M"*". From what we have 

seen, it is now well defined the pointwise limit 

x(z) = lim Xgiz) , 
e-s>0 

and k{z) < x{z) < 1, for every z G M+, since Zg — 0, as e — 0. Adapting the arguments 
at the end of the previous case, it is immediate to prove the convergence in C^-norm of the 
Xe's to X, which is now a solution of the equation (|4.5|) in with lim2_5.o x{z) = 1. 

The case p = l/m can be treated in the same way and it is left to the reader. The main 
difference consists in the definition of the function k, namely one has to set k{z) = if z > 
and fe(0) = 1. 

To conclude, we observe that since, x < and x > 0, then this solution has positive 
sectional curvature. 

Case 3:/9=l/2(n — 1) = l/2m. In this case there are no solutions to the system (I4.3D with 
Rrr > 0, since the general identity II3.3D implies at once Rrr = everywhere. 

Case 4: l/2m = l/2(n — !)</>< l/n = l/(m + l). We start by observing that, since x < 

and limj^_oo(x(t),y(t)) = (1,0), one has 

(m — 1)(1 — mp){l — x^) > xy . 

Notice that, y = is not admissible, since it would imply x = 1 which contradicts x < 0. First 
of all we observe that in the region {0 < x < 1} fi {y < 0} we have that y > 0. Hence, y must 
be positive since limt^^oo{x{t) , y{t)) = (1, 0). This limit also implies that there exists to such 
that y{to) > 0. We claim that y{t) > for every t > to- In fact, if ti > to is such that y{ti) = 0, 
then it is immediate to verify that the tangent vector of our trajectory at ti, namely (x(ti), 0), 
is pointing inside the set {y > 0}. Hence, y > and y > for every t > tQ. We claim that 
x{t) cannot stay strictly positive for all times. In fact, if this happen the only possibility is 
that X— >0, y— >0, X— ;>0 and y +00, as t — )• +00. System l|4.3l) implies that the quantity 
xy would tend to both (m — 1)(1 — mp) and —m{m — 1)(1 — (m + l)p) /(I + m — Amp), which 
is impossible since l/2m, < p < l/(m + 1). The claim is then proven. On the other hand, 
we have seen that if Rrr > 0, then < x{t) < 1 for all t G M. Thus we have reached a 
contradiction. 

Case 5: p = 1/n = l/(m + 1). In this case one has y = — (m — l)xy. We first observe that 
the solution y = is not admissible, since the manifold would be a noncompact space form 
with positive curvature. We claim that y has a sign. In fact, if it is not the case, there exists to 
such that y{to) = and consequently —00 < ti < to such that y{ti) = and y(ti) 7^ 0, which 
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is impossible. On the other hand, y and y must have the opposite sign and this contradicts 
the fact that limt^^^{x{t),y{t)) = (1,0). 

Case 6: l/(m + l) = l/n < p < l/(n — 1) = 1/m. We start by observing that, since x < 
and limj^_oo(x(t),y(t)) = (1,0), one has 

(m — 1)(1 — mp)(l — x^) > xy . 

Again, y = is not admissible, since it would imply x = 1 which contradicts x < 0. We 
claim that y has a sign. In fact, if it is not the case, there exists to such that y(to) = and 
consequently — oo < ti < to such that y{ti) = 0, which is impossible, since {y > 0} (1 {x < 
0} n {0 < X < 1} = 0. Moreover, x < 0, implies at once that y < and y < for every t e M. 
In particular, one has 

(m-l)(l-mp) _ 2^ 
- (1 - 2mp) ^ ^ >' 

whenever x > 0. For a given < e < 1, we fix to = t-oi^), such that < x(to) = 1 — e. This 
implies x{t) < \ — e and consequently 

(m — 1)(1 — mp) e 
(l-2n,p) 

for every t > to and such that x(t) > 0. Since t* = +oo, we infer the existence of ti G M such 
that x(ti) = 0, which is unacceptable, since < x(t) < 1, for all t e M. □ 

Combining Theorem 14.31 with Theorem l3.4l we obtain the following corollary. 

Corollary 4.4. Up to homotheties, there is only one complete three-dimensional gradient steady p- 
Einstein soliton with p < or p > 1/2 and positive sectional curvature, namely the rotationally 
symmetric one constructed in Theorem liJl 

Combining Theorem l4.3l with Theorem l3.5[ we obtain the following corollary, which gives 
the classification of complete n-dimensional locally conformally flat gradient steady p-Einstein 
soliton with positive sectional curvature and p G M \ [0, 1/2). 

Corollary 4.5. Up to homotheties, there is only one complete n-dimensional locally conformally flat 
gradient steady p-Einstein soliton with p < or p > 1/2 and positive sectional curvature, namely 
the rotationally symmetric one constructed in Theorem { 



The last part of this section is devoted to the study of the asymptotic behavior of the 
gradient steady p-Einstein solitons constructed in Theorem l4.3[ for p < 1/2 (n — 1) and p > 
l/(n — 1). To simplify the notations, we agree that, given two positive function u{r) and v{r), 
we have that u = 0{v), for r — ^ +oo, if and only if there exists two positive constants A, B 
and ro such that, for every r > vq, 

Av{r) < u{r) < B v{r) . 
We are now in the position to state the following proposition. 

Proposition 4.6. Let (M", g), n>3,be the rotationally symmetric gradient steady p-Einstein soli- 
ton with positive sectional curvatures and normalized to have R{0) = 1, constructed in Theorem 1431 
for p < l/2(n — 1) and p > l/(n — 1). Then, with the notations of formula (|4.H) , we have that, as 
r — )• +00, 

l-(n-l)p 2-4(n-l)p 

oj{r) = ©(r 2-3(n-i)p) and |/(r)| = ©(r 2-3("-i)p) . 
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In -particular, we have that Volg{Bj.{0)) = 0{r^ 2-3(n-i)p as r ^ +00, where Br{0) is 
the ball of radius r centered at the point O. 

Proof. We start by considering the case p < 1/2 (n — 1). First of all, we recall that if t 1— )■ 
{x{t),y{t),uj{t)) is the solution to system (|4.3|) under consideration, then we have < x < 1, 
X < and y, y > for every t € M. Moreover it is easy to see that 

lim (x(t),y(t)) = (0,+oo). 

In fact, since x is monotonically decreasing and bounded, it does have a limit, as t — +00. 
If this limit is equal to some positive constant a > 0, then, using the first equation in sys- 
tem (I4.3I) and the fact that i; — > 0, we would have that 

^ ^ (n-2)(l-(n-lV)(l-Q^) 
a 

and y — )• 0, as t — )• +00. Using the second equation in system (I4.3I) , we would get 

(n- l)(n-2)(l -n/>)(l -a2) 

^ (n — 4(n — l)p)a ' 

as t — ^ +00. This would force p = l/2(n — 1), which is excluded. 
The condition i; < implies that 

xy > (n - 2)(1 - (n - l)p){l - x^) . 

Hence, y — > +00, as t — ^ +00. By the system l|4.3|) . we infer that xy — ^ (n — 2)(1 — (n — l)p) / 
and y — (n — 2)(1 — 2(n — as t — )• +00. This implies that 

lim ^ = (n-2)(l -2(n- and lim tx{t) - ^ " " 



t 1 — 2(?7- — l)p 

The equation uj = xuj implies that uj{t) = j, as t — +00. Moreover, using the 

relationship dr = {1 /uj)dt, it is straightforward to conclude that 

l-2(n-l)p l-(n~l)p 

t = C'(r2-3("-i)p) and u = r 2-3("-i)p ) , 

as r — +00. The volume growth estimates contained in the statement are immediate con- 
sequences of the asymptotic behavior of uj described above. Finally, the fact that y = —ujf, 
implies at once the desired estimate for |/(r)|. 

The proof is identical in the case p > l/(n — 1) and it is left to the reader. Here, we only 
discuss the remaining case, namely /? = l/(n — 1). Reasoning as before, we get that xy — )• 0, 
as t — )• +00, thus, we cannot go any further. However, in this case, the first equation in 

system (14.31) reads x = xy, which implies x = 0{ e ~^^), since 

lim M!) = _(„_2). 
Using again the equation u = xu, we get 

uj{t) = o(^exp(^j' e-'^^'ds^^ = 0{1) , 

as t — ^ +00. In particular uj{r) = 0(1) and Volg{Br{0)), as r — ^ +00. Using the equation 
f'u^ - (n - 3)ljlj" + {n- 2){u}'f - (n - 2) = and the fact that uj', uj" 0, as r +00, it is 
easy to deduce the estimates for the asymptotics of | /(r) | . □ 



22 



GIOVANNI CATINO AND LORENZO MAZZIERI 



To conclude this section, we give some final comments on Theorem 14.31 and Proposi- 
tion |46l First, we notice that in the limit for p — )• 0, the solutions provided in Theorem 14.31 
tend to the Bryant soliton metric, whose asymptotic behavior is determined by uj{r) = 
0(^1/2)^ |/(r)| = 0{r) and Volg{Br{0)) = 0(r("+i)/2), as r ^ +oo. 

An interesting feature of the solutions described in Theorem 14.31 is that solutions corre- 
sponding to largely negative values of p seem to be very close to solutions corresponding to 
largely positive values of p. In fact, the formal limit for p — )• ±00 of the asymptotic behavior is 
the same and it is given by uj{r) = 0{r^/^), |/(r)| = 0{r^/^) and Volg{BriO)) = C)(r("+2)/3)^ 
as r — )• +00. 

Another possible formal limit is the one for p— )• 1/2 (n — 1). In this case, the solutions 
provided by Theorem 14.31 tend to Schouten solitons, which we are going to discuss in the 
next section. In particular, the formal limit of the asymptotic behavior is of Euclidean type 
and it is given by uj{r) = 0{r), |/(r)| = 0(1) and Volg{Br{0)) = ©(r"), as r ^ +00. This 
perfectly agrees with the conclusions in Theorem l5.3l below. 

Among all the solutions constructed in Theorem I4.3[ probably the most significant ones 
correspond to the value p = l/(n — 1). In this case, Proposition l4.6l implies that uj{r) = 0(1), 
|/(r)| = ©(r^) and Volg{Br{0)) = 0{r), as r — > +00. Hence, these solitons have linear 
volume growth and are asymptotically cylindrical. Moreover, we notice that in dimension 
n = 2, the equation for a l/(n — 1)-Einstetn soliton reads 

which, up to change the sign of /, coincides with the equation of two-dimensional gradient 
steady Ricci solitons. In this case, the only complete noncompact solution with positive cur- 
vature is the Hamilton's cigar [19J, also known as Witten's black hole. For these reasons, it is 
natural to consider the rotationally symmetric gradient steady l/{n— 1)-Einstein solitons as 
the n-dimensional generalization of the Hamilton's cigar, hence, we will call them cigar-type 
solitons. In dimension n = 3, it turns out that this solution is an Einstein soliton. Thus, we 
will refer to it as the Einstein's cigar. In this special situation. Corollary I4.4l may be rephrased 
in the following way. 

Corollary 4.7. Up to homotheties, the only complete three-dimensional gradient steady Einstein 
soliton with positive sectional curvature is the Einstein's cigar. 

For n > 4, in the locally conformally flat case, we have the following corollary. 

Corollary 4.8. Up to homotheties, the only complete n-dimensional locally conformally flat gradient 
steady l/(n — 1)-Einstein soliton with positive sectional curvature is the cigar-type soliton. 



5. Gradient Schouten solitons 

In this section we classify n-dimensional steady and three-dimensional shrinking gradi- 
ent Schouten solitons. We recall that a gradient Schouten soliton is a Riemannian manifold 
(M",5r), n > 3, satisfying 

Ric + V^f= ^ ^. Rg + Xg, (5.1) 
2(n — 1) 
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for some smooth function / and some constant A G M. We start by observing that ancient 
solutions to the Schouten flow 

dtg = -2(^Ric-^^Rg) , (5.2) 
must have nonnegative scalar curvature. 

Proposition 5.1. Let (Af",5(t)), n > 3, t G (— oo,r), be a complete ancient solution to the 
Schouten flow (|5.2|) . Then, g{t) has nonnegative scalar curvature for every t G (—00, T). 

Proof. Using the general formula for the first variation of the scalar curvature (see HI Theo- 
rem 1.174]) it is immediate to obtain the following evolution of R 

dtR = 2|i?zcP —R\ (5.3) 

n — 1 

In particular, for every p G M", one has that 

dtR > -^P\r' . 

n{n — \) 

Thus, at any given point p, the scalar curvature is a nondecreasing in t. We fix now t G 
(— CO, T) and we choose to S (00, t). By the ODE comparison principle, one has that 

p.^N > n{n-l)R{tQ) 

^ ' - n{n - 1) - {n - 2)R{to){t - to) ' 

If R{to) > 0, then R{t) is nonnegative, by monotonicity. Hence, we assume R{to) to be strictly 
negative and we let to tend to —00, obtaining R{t) > 0. Since both p G M" and t G (00, T) 
were chosen arbitrarily, the proof is complete. □ 

An immediate consequence of Proposition 15 . 1 1 is the following corollary. 

Corollary 5.2. Let {M^,g), n > 3,be a complete shrinking or steady Schouten soliton. Then, g has 
nonnegative scalar curvature. 

We focus now our attention on the steady case and we prove the following theorem. 

Theorem 5.3. Any complete gradient steady Schouten soliton is trivial, hence Ricciflat. 

Proof. If the soliton is compact, the statement follows from Theorem 13. 1[ case (i-bis). Thus, 
we assume (M", g), n > 3, to be complete and noncompact. 

We observe that if i? = everywhere, then identity (|3.5|l . which in this case reads 

= (yR^\/f) + ^—r2 -2\Ric\^ , (5.4) 
n — 1 

implies at once Ric = 0. Hence, the soliton is trivial. 

To prove the statement, we suppose by contradiction that R^p > 0, for some p G Af". We 
claim that the connected component Sq of the level set of / through p is regular. This follows 
by observing that at p one has 

(Vi?,V/)|p > "^'^. Rl > 0, 

' n{n — 1) 1^ 

where we used the standard inequality |i?icp > R^ /n. In particular, we have that |V/| 7^ 
in p. We let r be the signed distance to So, defined on a maximal interval (r^,,r*). By 
Theorem 13.31 we have that / only depends on r an that |V/| only depends on r as well (to 
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be definite, we choose the sign of r in such a way that /' = |V/|). In particular, this implies 
that So is regular and the claim is proved. 

As a next step towards the contradiction, we are going to show that f'{r) > 0, for r > 0. 
First of all, we observe that, by identity (I3.3D in Theorem 13 .11 we have Ric{\/f, • ) = 0. Thus, 
the (r, r)-component of equation dS.ll) reads 

Corollary 15.21 implies that /" > 0. Since Sq has been assumed to be a regular level set, we 
have that /'(O) > 0. We claim that r* = +oo. In fact, if it would not be the case, then we 
would have that f'{r) — )• 0, as r — )• r*, which is clearly impossible. This implies that the 
signed distance is defined on all of (r*, +oo) and that /' always stays positive for all r > 0. 
From (|5.4I) and Proposition l2.3l we have 

R'f = 2\Ric\^ —R^ > -^R^ , 

n — 1 n — 1 

where we used the inequality |fficp > i?^/ (n — 1), which is a consequence of Ric(Vf, ■) = (). 
For what we have seen and since f'{r) > for r > 0, we infer that R is nondecreasing 
and in particular it is strictly positive, for r > 0. Dividing the above inequality by R^ and 
integrating (by parts) between and r > 0, gives 

f f 



R^ ' - R"^ ' 2(n- 1) 

Up to choose r sufficiently large, the right hand side becomes negative, which is a contradic- 
tion. □ 

We pass now to consider the case of complete shrinking Schouten solitons. We restrict 
ourselves to the three-dimensional case and we prove the following Theorem. 

Theorem 5.4. Let {M^,g) be a complete three dimensional gradient shrinking Schouten soliton. 
Then, it is isometric to a finite quotient of either S^, or or M x S^. 

Proof. Up to lift the metric to the universal cover, we can assume, without loss of generality, 
that {M^,g) is simply connected. 

If the soliton is compact, it follows from Theorem 13. 11 case (i-bis) that (M^, g) is isometric 
to §3. Thus, we assume {M^,g) to be complete and noncompact. 

From now on, we also assume that / is nonconstant, otherwise the soliton is trivial and, 
again, it is isometric to S^. In particular, there exists a regular connected component Sq of 
some level set of / and we let r be the signed distance to Sq, defined on a maximal interval 
(r^,, r*). Here maximality has to be understood in the sense that |V/| 7^ in (r*, r*) x Sq and 
eventually annihilates at the boundary. To be definite, we choose the sign of r in such a way 
that /' = |V/|. By Theorem 1331 and Proposition O we also have that /, |V/|,i? and R^, 
which is the scalar curvature induced on the level sets of /, only depend on r. 

We observe that, by identity (|3.3|) in Theorem 13. 1[ we have Ric{Vf, • ) = 0. Thus, the 
(r, r)-component of equation (15. 1|) reads 

Corollary I5.2l implies that /" > A > 0. Since Sq has been assumed to be a regular connected 
component of a level set, we have that /'(O) > 0. We claim that r* = +00. In fact, if it would 
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not be the case, then we would have that f'{r) — )• 0, as r — )• r*, which is clearly impossible. 
This implies that the signed distance is defined on all of (r^,, +00) and that /' always stays 
positive for all r > 0. 
We claim that 

Rfp> 0, for some p G (r*, +00) x Sq . (5.5) 

We notice that the statement of the theorem is a consequence of this claim. In fact, if tq = 
dist{p, So) and we denote by S(ro) the (regular) level set of / through p, we have that there 
exists a maximal tubular neighborhood U of S(ro), where the scalar curvature induced on 
the level sets of / remains strictly positive. Since the manifold is three-dimensional, it fol- 
lows from the two-dimensional Uniformization Theorem (applied to the level sets of /) that 
in U the metric 5 is a warped product with canonical fibers of positive constant curvature, 
that is, with the notations of SectionUl g = dr (g) dr + uj'^ if)9§'2 ■ Moreover, we have that cu" = 
in U, since Ric{Vf, ■ ) = 0. This implies that uj{r) = a{r — tq) + b, for some constant a, 6 G M, 
with a > and 6 > 0. As a consequence, we have that, if a = 0, then g is locally isometric to 
R X and /(r) = A(r — ro)^ + c(r — tq) + d. On the other hand, if a / 0, then g is locally 
isometric to and f = ^{r — ro)"^ + ^{r — ro) + e, for some constants c,d,e € M. 

Using the Gauss equation, we get i?^(r) = 2/6^ or R^{r) = 2a/(a(r—ro)+6)^, respectively. 
By the maximality of U and since everything is smooth, we deduce that in the first case 
r* = —00 and {M^,g) is globally isometric to M x S^, whereas, in the second case —00 < 
and (M^, g) is globally isometric to M.^. 

To prove the claim (|5.5|) , we argue by contradiction and we suppose that R^{r) < 0, for 
every r G (r*, +00). Up to add a constant, we can assume that /(O) = 0. We are going to 
prove that 

< f R^\Vf\'^e-fdVg < +00, (5.6) 
Jn 

where Q, = {I < f} n {0, +00) x Sq, which is clearly a contradiction. As a first step, we want 
to obtain a suitable expression for the integrand. Using the computations in Proposition l2.3l 
one has that 

R^ = R + H^ -\h\^ , 

where |V/| hij = Rij — {\R + \)gij and |V/| H = ^R — 2A. Substituting the last two expres- 
sion, one gets 

I V/|2 = R\Vf\^ - \Ric\^ + \r^ -XR + 2X^ . (5.7) 

8 

For the rest of the argument we will assume that all integrals involved are finite and the 
integration by parts can be performed, which we shall justify after we complete the formal 
argument. To proceed, we recall the identities (|3.2|) and (13.511 , which in the present situation 
read 

{VR,Vf) = 2\Ric\^ - ^R^ -2XR, (5.8) 
A/ = -]r + 3X. (5.9) 
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A first formal integration by parts using equation (|5.9|l gives 

[ {VR,Vf)e-^ dVg = [ {R\Vf\^ -RAf)e-^ dVg - [ R\Vf\e-fdag 
Jn Jn Jdn 

= [ {R\Vff + lR^-3XR)e-fdVg- [ R\Vf\e~fdag, 
Jn 4 Jqq 

where dug is the area element induced by g on the boundary of Q,. Now, using equation (I5.8II . 
we get 

[ R\Vf\^e^f dVg = [ {2\Ric\'^ -^R^ + XR)e-^dVg + [ R\Vf\e-^dag. 
Jn Jn 4 Jg^ 

Taking advantage of the last expression, we integrate equation i5.7} , obtaining 

[ R^\Vf\'^e^f dVg = [ {iRicl"^ -Ir^ + 2X'^)e-f dVg + [ R\Vf\e-fdag 
Jn Jn 8 Jq^ 

This proves the first inequality in \5.6) , concluding the formal argument. 

To complete the proof, we need to justify the integrations by parts, showing that all the 
integrals involved are finite. This will be done in several steps. 

Step 1. As a first step, we show that the scalar curvature R is necessarily bounded in 
From equation (15. 8D , we have that 

R'f = 2\Ric\^ - ^R^ - 2XR > ^R^ - 2XR , 

where we used the inequality \Ric\'^ > R? 12, which follows from the fact that i?ic(V/, • ) = 0- 
If R would not be bounded, then, for a fixed real number < b < 1/4:, it would exists a 
suitable distance rs > such that R'f > (| — S)R'^ and R > 8X, for every r > rs- For 
what we have seen, since f'{r) > whenever r > 0, we infer that R is nondecreasing and in 
particular it is strictly positive, for r > rs- The same argument used in Theorem 15.31 shows 
that 

/' /' /I \ 

< —(rs) - y-^- Sj{r - rs) . 

Up to choose r sufficiently large, the right hand side becomes negative, which is a contradic- 
tion. Hence, we have proved that R must be bounded in il. Implicitly, this argument shows 
that, in 17, the scalar curvature R cannot be larger than 8 A. 

Step 2. The second step amounts to prove that for every po G Sq, there exist positive 
constants ci , C2 and C such that for every p G f2 

^{d{p) - ci)2 < f{p) < C{d{p) + C2f , (5.10) 

where d{p) = dist{p,pQ). In order to prove the upper bound, we start by observing that, up 
to choose a sufficiently large constant a > 0, the quantity af{r) — |V/p(r) is monotonically 
increasing in r, for r > 0. In fact, from the Schouten soliton equation (15. ID we have that 

(V(a/-|V/|2),V/) = a|V/|2-2V2/(V/,V/) 
= {a-2X-^R)\Vf\ 
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which is clearly positive, provided the constant a > is large enough, since by Step 1 the 
scalar curvature R is bounded in il. On the other hand, it is easy to observe that 

(V(|V/|2-2A/),V/) = \R\Vf\^ > 0. 

Putting these two latter estimates together, we obtain that, for every r > 0, 

2A/(r) + (/'(0))2 < \Vf\\r) < af{r) + (/'(O))^ . (5.11) 

These inequalities play the role of Hamilton's identity for gradient Ricci solitons (see |'201), 
which turns out to be fundamental in proving growth estimates on potential function. In 
particular, inequalities dS.llD imply that |Va/7I is bounded and a/7 is Lipschitz in VL. This 
proves the upper bound in (15. 101) . 

To prove the other estimate, we can adapt step by step the proof of the lower bound for the 
potential function of gradient shrinking Ricci solitons presented in IITTl Proposition 2.1]. In 
fact, the computations in the Schouten soliton case differs from the Ricci soliton one only by 
some correction terms, involving the scalar curvature. In particular, using the fact that -R > 0, 
identity (2.7) in [11, Proposition 2.1] can be replaced in our case by the matrix inequality 

> Xg-Ric. 

All the other estimates in IfTTl Proposition 2.1] remain true till inequality (2.9). 

The other key ingredient in the proof by Cao and Zhou is their inequality (2.10), which in 
the present situation can be replaced by 



max |V^(s)/|(7(s)) < aW f{l{sf))) +02 , 

so — l<s<so 

where 7 is a geodesic starting from pQ and supported in {r > 0}, and oi and 02 are suitable 
positive constants, eventually depending on the constant a > 0. 

Step 3. We prove now a volume growth estimate for the sub-level sets of /. More pre- 
cisely, there exists a positive constant A, such that 

Volg{{id < / < s} n f)) < As^/^ . (5.12) 

In the spirit of ||TT]| . we define in the set {r > 0} the function u = 2^// and we set D{s) = 
{2<n<s}cf2. First of all, we notice that an immediate consequence of the double 
inequality l|5.10l) proved in Step 2 is the fact that the sets D{s) are compact for every s > 2. 
Setting V{s) = Volg{D{s)), by the co-area formula we have that 



V{s) = dt T^dSgit), 
J 2 JdD{t) |vn| 

where dSg{-) is the area element induced by g on dD{-). We also notice that for every s > 0, 
the boundary of D{s) is given by the disjoint union of D{s) = {u = s} and d^D{s) = 
{u = 2}. Hence, tacking advantage of the rectifiability of /, we easily compute 

V [s) = / -— dS'g(s) = — — + 



aD{s) 

\Vu\ ' 2|V/| \a+D(s) |V/| \d-D(s) 



28 GIOVANNI CATINO AND LORENZO MAZZIERI 



Integrating equation (|3.2|) on D{s), we get 

1 
4 



3XV{S)-] I RdVg = / ^fdVg 

D{s) J D(s) 



= [ \Vf\dSg{s) - [ \Vf\dSg{s) 

Jd+D(s) Ja-D{s) 

= Wf\d+Dis)\d''D{s)\ - \Vf\d-Dis)\d-D{s)\. 

Hence, using the formula for V'{s) and the fact that R is nonnegative, we obtain the inequal- 
ity 



■5 ' ^ ' S \^ J\\d'D{s) ^ ' 



Now, we observe that in the present situation, estimates {5.\1) implies that 

< |V/|fa.z.(.) < + l/'(0)P 



Combining the last two inequality, we obtain 

3XV{s) > \sV'{s) - Ais - A2 - — 



A3 



where we set = a|9-L'(s)|/2|V/||a-B(s), ^2 = \d-D{s)\ |V/||a-^(,) and ^3 = 2|/'(0)|. 
Thus, we have proved that for large enough s 

n»)< 3(^+41 

V s A 

Setting W{s) = {V{s)/s + Ai/X), we have {W'/W){s) < 3/s. Integrating this inequality and 
using the definition of W, we get V{s) < B s^, for some positive constant B. Finally, going 
back to the definition of V , we obtain the desired estimate (|5.12|) . 

Using Step 1, Step 2 and Step 3 it is now an easy exercise to check that all the integrations 
by parts performed in the formal argument are justified. □ 



6. Concluding remarks and open questions 

To conclude, we present a short list of comments and open questions, which could be the 
subject of further investigation. 

(1) In Theorem 13. II we have seen some triviality results for compact gradient p-Einstein 
solitons. It would be interesting to investigate whether in cases (i) and {ii), one could 
get the same conclusion as in cases {i — his) and {Hi). For example, in analogy with 
gradient Ricci solitons, we expect that the only compact three-dimensional gradient 
shrinking p-Einstein soliton with p < 1/4 is a quotient of the round sphere S'^. On 
the other hand, it would be interesting to construct examples of compact nontrivial 
gradient p-Einstein solitons with p<l/2(n — l)in dimension n > 4. In the case of 
Ricci solitons, this has been done by several authors (see HI, ||24]| and 13011 ). 
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(2) In Corollary I4.4[ we have seen that up to homotheties, there exists only one three- 
dimensional gradient steady p-Einstein soliton with positive sectional curvature, 
provided p < or p > 1/2. In reason of Theorems 14.31 and 13.51 we expect that the 
same conclusion holds also for < p < 1/4, without any further assumption. We re- 
call that in Theorem 15.31 we have shown that any complete gradient steady Schouten 
soliton (p = 1/4) is trivial. Also notice that for " p = 0", this is the Perelman's claim, 
mentioned in the introduction. 

(3) In Corollary I4.5[ we have seen that, up to homotheties, there exists only one n- 
dimensional locally conformally flat gradient steady p-Einstein soliton with posi- 
tive sectional curvature, provided p < Oorp > 1/2 and n > 3. We recall that 
in Theorem 15.31 we have shown that any complete gradient steady Schouten soliton 
(p = l/2(n— 1)) is trivial. Also notice that for "p = 0", the existence of a unique locally 
conformally flat gradient steady Ricci soliton was already known (see [Sj and jflZl ). 
Moreover, in this case the assumption about locally conformally flatness can be re- 
placed with weaker conditions such as the harmonicity of the Weyl tensor or even 
the Bach flatness ||9|. We expect that the same techniques would apply to the case of 
gradient steady p-Einstein solitons, with p in the same ranges as in Theorem l4.3[ 

(4) It would be important to further exploit all the geometric consequences of the rectifi- 
ability. A possible direction of investigation is to prove a rigidity results for noncom- 
pact gradient shrinking p-Einstein solitons, in analogy with the case of rectifiable gra- 
dient Ricci solitons, studied in 12911 . More precisely, we expect that for p<l/2(n — 1) 
any noncompact gradient shrinking p-Einstein solitons with nonnegative (radial) 
sectional curvatures is rigid, namely isometric to a quotient of a direct product of 
the type E'^ x N""-^, where N is a (n — A;)-dimensional compact Einstein manifold, 
for some 1 < k <n. 

(5) Concerning the analysis of the complete noncompact rotationally symmetric gradient 
p-Einstein soliton, it would be interesting to prove the analogous of Theorem l4.3l for 
shrinking and expanding solitons with positive sectional curvature. 

Added note. Shortly after this manuscript appeared, S. Brendle posted the article ||3l on the 
ArXiv, where Perelman's claim is proved. 
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